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Résumé :  
Le principe de covariance de la Relativité Générale garantit la validité des équations de la physique 
quel que soit le système de coordonnées et quel que soit le référentiel grâce à la définition de 
l’espace-temps 4D, et à l’utilisation de tenseurs, opérations et opérateurs 4D. L’invariance par 
changement de référentiels étant un concept essentiel pour la formulation de modèles de 
comportement de la matière, nous proposons d’écrire ces modèles en utilisant le principe de 
covariance et un formalisme 4D. Une méthode générale est ainsi proposée pour construire un modèle 
de comportement avec un point de vue quadridimensionnel. Dans ce cadre, le choix du système de 
coordonnées 4D définit le référentiel et un changement de référentiel correspond à un changement de 
coordonnées 4D. Il est alors possible de définir un système de coordonnées curvilinéaire qui se 
déforme avec la matière : les coordonnées convectives. Le formalisme 4D permet alors par un 
changement de coordonnées de passer d’un référentiel inertiel à un référentiel convectif permettant 
ainsi de considérer la description Lagrangienne comme les composantes spécifiques d’une 
formulation Eulérienne. On peut alors choisir des variables pour décrire par exemple un 
comportement thermo-élastique isotrope ou anisotrope qui est valable pour une description 
Lagrangienne ou Eulérienne. 
Abstract :  
The covariance principle of General Relativity ensures the validity of any equation and physical 
models through any changes of coordinates and any changes of frame of reference, because of the 
definition of the 4D space-time, the use of 4D tensors, 4D operations and 4D operators. Frame 
indifference being a critical concept for the construction of material constitutive models within the 
area of three dimensional classical continuum mechanics, we propose here to write this constitutive 
model using the covariance principle and 4D tensor formalism. A general method is then proposed to 
build a constitutive material model with such a four-dimensional point of view. Within this 4D 
formalism, the choice of the 4D coordinate system defines the frame of reference and change of 
reference frames corresponds to change of 4D coordinates.  It is then possible to define a curvilinear 
coordinate system deforming like the material and corresponding to convective coordinates. The 4D 
formalism enables to change coordinates from inertial to convective hence allowing to consider the 
Lagrangean formulation as a specific set of components of an Eulerian description. Then, a choice of 
four-dimensional variables leads to a model for a general thermo-elastic isotropic material that 
encompasses the 3D Eulerian and Lagrangean thermo-elastic isotropic or anisotropic models for 
finite deformations.  
 
Mots clefs : Lagrangean formulation; covariance principle; constitutive 
models 
22
ème
 Congrès Français de Mécanique                                               Lyon, 24 au 28 Août 2015 
 
Introduction 
Landau and Lifshitz [1] formulate what is known as the covariance principle of  
General Relativity (due historically to Einstein) as: “the laws of nature must be written in the general 
theory of relativity in a form which is appropriate to any four-dimensional system of coordinates (or, 
as one says, in a covariant form)”. Within the scope of the theory of Relativity, the validity of any 
equation through any change of coordinates is thus guarantied based on the definition of the 4D space-
time, the use of 4D tensors, 4D operations and 4D operators. Consider the 4D tensors ,  and  
that describe physical entities. Then, it is possible to write a physical law that corresponds to a 
functional f that relates ,  and , such that: . If the law represented by f obeys the 
principle of covariance, then the result of the chosen operations and operators are 4D tensors, such that 
f is a 4D tensor. This most general formulation has several interests for the construction of material 
constitutive models.  
 
1 Change of 4D coordinates 
Consider, thus, the same entity described in a four-dimensional space with two different 
curvilinear coordinates xm  and xm . Then, the change of coordinates is expressed through the 
differentials of these coordinates as: 
 dx
m =
¶xm
¶xn
dxn  
Within this 4D formalism, the choice of the 4D coordinate system defines the frame of reference and a 
change of frame of reference corresponds to change of 4D coordinates. 
 
2 Convective 4D coordinate system 
Consider a material body moving in space-time. Then, the motion can be described through the 
mapping of the configurations taken by the body at each instant of time in the 4D space-time through 
various 4D coordinate systems. Among all the events undergone by the material body, two subsets are 
specifically identified:  
 The current events xm , equivalent of the 3D “spatial” or Eulerian state.  
 The reference events Xm , equivalent of the 3D “material” or Lagrangean state. 
The motion of the body can then be described by the specification of a bijective, implicit, continuous 
and differentiable function describing the transformation from the reference state to the current state.  
Define now the specific convective 4D coordinate system such that the material transformation can 
always be written:  
 xˆn = Xˆn = Xn       (1) 
Because the convective coordinates are curvilinear it is important to differentiate the covariant and 
contravariant components of a given tensor. The Lagrangean formulation corresponds to the 
components of an Eulerian formulation within the 4D convective coordinates. In other words, 
Lagrangean tensors represent nothing but the same object than their Eulerian counterpart in another 
4D coordinate system when a 4D formulation is used. Then, the Lagrangean formulation can be 
obtained with “a mere” change of 4D coordinates from an Eulerian formulation.  This can be applied 
to any constitutive model. 
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